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Abstract
In the paper, via the singular Riemann–Roch theorem, it is proved that the class of the eth Frobe-
nius power eA can be described using the class of the canonical module ωA for a normal local ring
A of positive characteristic. As a corollary, we prove that the coefficient β(I,M) of the second term
of the Hilbert–Kunz function A(M/I [p
e]M) of e vanishes if A is a Q-Gorenstein ring and M is a
finitely generated A-module of finite projective dimension.
For a normal algebraic variety X over a perfect field of positive characteristic, it is proved that the
first Chern class of the eth Frobenius power Fe∗OX can be described using the canonical divisor KX .
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let (A,m) be a d-dimensional Noetherian local ring of characteristic p, where p is a
prime integer. Here, m is the unique maximal ideal of A. For an m-primary ideal I and a
positive integer e, we set
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It is easy to see that I [pe] is an m-primary ideal of A. For a finitely generated A-module M ,
the function A(M/I [p
e]M) of e is called the Hilbert–Kunz function of M with respect to I ,
where A( ) stands for the length of the given A-module. It is known that
lim
e→∞
A(M/I
[pe]M)
pde
exists [9], and this limit is called the Hilbert–Kunz multiplicity, which is denoted by
eHK(I,M). Several properties of eHK(I,M) have been studied by many authors (Monsky,
Watanabe, Yoshida, Huneke, Enescu, etc.).
Recently Huneke, McDermott and Monsky [5, Theorems 1 and 1.11, Corollary 1.10]
proved the following exciting theorem:
Theorem 1.1 (Huneke, McDermott and Monsky). Let (A,m) be a d-dimensional excellent
normal local ring of characteristic p, where p is a prime integer. Assume that the residue
class field of A is perfect.
Let I be an m-primary ideal of A and M be a finitely generated A-module.
(1) There exists a real number β(I,M) that satisfies the following equation:2
A
(
M/I [pe]M
)= eHK(I,M) · pde + β(I,M) · p(d−1)e +O(p(d−2)e).
(2) Assume that A is F-finite.3 Then, there exists a Q-homomorphism τI : Cl(A)Q → R
that satisfies
β(I,M) = τI
(
cl(M)− rankA M
pd − pd−1 cl
(1A)
)
for any finitely generated torsion-free A-module M . In particular, we have
β(I,A) = − 1
pd − pd−1 τI
(
cl
(1A)).
We denote by Q (respectively R) the field of rational numbers (respectively real num-
bers). For an abelian group N , NQ stands for N ⊗Z Q.
The map cl : G0(A) → Cl(A) is defined by Bourbaki [1] and sometimes called the de-
terminant map (see Remark 2.1 below).
It is natural to ask the following questions:
2 Let f (e) and g(e) be functions of e. We denote f (e) = O(g(e)) if there exists a real number K that satisfies
|f (e)| < Kg(e) for all e  0.
3 We say that A is F-finite if the Frobenius map F :A → A = 1A is module-finite. We sometimes denote the
eth iteration of F by Fe :A → A = eA.
K. Kurano / Journal of Algebra 304 (2006) 487–499 489Question 1.2.
(1) When does cl(1A) vanish?
(2) How do the cl(eA)’s behave?
Using the singular Riemann–Roch formula, we obtain the following theorem:
Theorem 1.3. Let (A,m) be a d-dimensional Noetherian normal local ring of charac-
teristic p, where p is a prime integer. Assume the following three conditions: (1) A is a
homomorphic image of a regular local ring, (2) the residue class field of A is perfect, and
(3) A is F -finite.
Then, for each integer e > 0, we have
cl(eA) = p
de − p(d−1)e
2
cl(ωA)
in Cl(A)Q, where ωA is the canonical module of A.
The following corollary is an immediate consequence of Theorems 1.1 and 1.3.
A Noetherian normal local domain A is called Q-Gorenstein if cl(ωA) is a torsion ele-
ment in Cl(A).
Corollary 1.4. Under the same assumptions as in Theorem 1.3, if A is a Q-Gorenstein
ring, then β(I,A) = 0 for any maximal primary ideal I .
Remark 1.5. If A is a Q-Gorenstein ring, then we have β(I,M) = τI (cl(M)) by Theo-
rem 1.1(2).
Furthermore, assume that M is a finitely generated A-module of finite projective di-
mension. Then, we have cl(M) = rankA M · cl(A) = 0. Therefore, in this case, β(I,M) is
equal to 0.
The following is an analogue of Theorem 1.3 for normal algebraic varieties.
Theorem 1.6. Let k be a perfect field of characteristic p, where p is a prime integer. Let
X be a normal algebraic variety over k of dimension d . Let F :X → X be the absolute
Frobenius map.4
Then, we have
c1
(
Fe∗OX
)= pde − p(d−1)e
2
KX
in Ad−1(X)Q, where c1( ) is the first Chern class5 and KX is the canonical divisor of X.
4 Remark that, under the assumption, F is a finite morphism.
5 Set U = X \ Sing(X). Since codimX Sing(X) 2, the restriction Ad−1(X) → Ad−1(U) is an isomorphism.
Here, remark that (F e∗OX)|U = (F |U )e∗OU is a locally free sheaf on U . Thus, c1(F e∗OX) is defined as the first
Chern class c1((F e∗OX)|U ) ∈ Ad−1(U) = Ad−1(X).
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refer the reader to [2] for Chow groups. If A (in Theorem 1.3) is a local ring at a closed
point of a normal algebraic variety over a perfect field of positive characteristic, then The-
orem 1.3 follows from Theorem 1.6.
We give a proof of Theorems 1.3 and 1.6 in the next section.
2. A proof of Theorems 1.3 and 1.6
Before proving Theorem 1.3, we recall basic properties on the determinant map.
Remark 2.1. The map cl in Theorem 1.3 is called the determinant map which is defined
by Bourbaki [1]. Here, recall basic properties on cl which are used later.
Let R be a Noetherian normal domain. The group of isomorphism classes of reflexive
R-modules of rank 1 is called the divisor class group of R, and denoted by Cl(R). Let
G0(R) be the Grothendieck group of finitely generated R-modules. For an R-module M ,
we denote by [M] the element in G0(R) corresponding to the isomorphism class which M
belongs to. Then, there exists the unique map
cl : G0(R) → Cl(R)
that satisfies the following two conditions:
(1) If M is a reflexive module of rank 1, then cl([M]) is just the isomorphism class which
M belongs to.
(2) Let M be a finitely generated R-module. If the height of the annihilator of M is greater
than 1, then cl([M]) = 0.
For an R-module M , we denote cl([M]) simply by cl(M) as usual.
Let (A,m) be a Noetherian local ring that satisfies the assumption in Theorem 1.3.
It is enough to prove Theorem 1.3 for complete local rings. Therefore, in the rest of this
section, we assume that A is a d-dimensional local normal domain which is a homomorphic
image of a formal power series ring S over a perfect field k of positive characteristic unless
otherwise specified. By the singular Riemann–Roch theorem (cf. [2, Chapters 18 and 20]),
we have an isomorphism
τSpec(A)/Spec(S) : G0(A)Q → A∗(A)Q
of Q-vector spaces. Here, remark that the Riemann–Roch map τSpec(A)/Spec(S) is deter-
mined not only by Spec(A) but also by the regular base scheme Spec(S) as in [2, 20.1].
Let
pi : A∗(A)Q → Ai (A)Q
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τi = pi ◦ τSpec(A)/Spec(S) : G0(A)Q → Ai (A)Q.
For a prime ideal p of A, [Spec(A/p)] stands for the element in A∗(A) corresponding to
the closed subscheme Spec(A/p) of Spec(A).
Lemma 2.2. Let A be a d-dimensional normal local ring which is a homomorphic image
of a regular local ring.
(i) There exists a natural isomorphism Ad−1(A) = Cl(A) by identifying [Spec(A/p)]
with cl(p) for any prime ideal p of height 1. Then, for any prime ideal q 	= 0,
τd−1([A/q]) is equal to − cl(A/q).
(ii) We have the equality
τd−1
([A])= 1
2
cl(ωA)
in Ad−1(A)Q = Cl(A)Q.
(iii) Furthermore, assume that A is a homomorphic image of a formal power series ring S
over a perfect field of positive characteristic. Then, for each e > 0 and i = 0,1, . . . , d ,
the equality
τi
([eA])= pieτi([A])
is satisfied.
Proof. First we prove (i). It is well known that there exists an isomorphism Ad−1(A) →
Cl(A) by [Spec(A/p)] 
→ cl(p) (cf. Bourbaki [1]). Suppose that p is a prime ideal of
height 1. By the exact sequence
0 → p→ A → A/p→ 0,
we have
cl(p) = cl(A)− cl(A/p) = − cl(A/p).
On the other hand, by the top-term property [2, Theorem 18.3(5)], we have τd−1([A/p]) =
[Spec(A/p)]. Thus, we obtain
τd−1
([A/p])= [Spec(A/p)]= cl(p) = − cl(A/p).
Let q be a prime ideal of height at least 2. By the top-term property, we have
τd−1([A/q]) = 0. In this case, we also have cl(A/q) = 0 by Remark 2.1(2). The proof
of (i) is completed.
We refer the reader to [6, Lemma 3.5] for a proof of (ii).
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eS eA
S
Fe
A
Fe
Sp
e
S A
S A
Fe
eA
The left-hand diagram above and the covariance with the proper map Fe : Spec(eA) →
Spec(A) [2, Theorem 18.3(1)] imply that the bottom half of the following diagram com-
mutes. The right-hand diagram above implies that the top half of the following diagram
commutes:
G0(A)Q
τSpec(A)/Spec(Spe )
A∗(A)Q
G0(eA)Q
τSpec(eA)/Spec(S)
F e∗
A∗(eA)Q
Fe∗
G0(A)Q
τSpec(A)/Spec(S)
A∗(A)Q
(2.3)
Here, Spe = {xpe | x ∈ S} ⊂ S. Remark that Spe is a regular local ring and S is a finite
module over Spe . Therefore, τSpec(A)/Spec(Spe ) and τSpec(S)/Spec(Spe ) can be defined (cf.
Fulton [2, Chapters 18 and 20]).
Here, we shall prove
τSpec(A)/Spec(Spe ) = τSpec(A)/Spec(S) (2.4)
for any e > 0.
Since S is a regular local ring, we have G0(S)Q = Q[S] and A∗(S)Q = Q[Spec(S)]
since G0(S)Q is isomorphic to A∗(S)Q by the singular Riemann–Roch theorem. By the
top term property [2, Theorem 18.3(5)], we have
τSpec(S)/Spec(Spe )
([S])= [Spec(S)]. (2.5)
Let M be a finitely generated A-module and F. be a finite S-free resolution of M . By
definition of τSpec(A)/Spec(S) [2, 18.3], we have
τSpec(A)/Spec(S)
([M])= chSpec(S)Spec(A)(F.)∩ [Spec(S)] (2.6)
in A∗(A)Q, where
chSpec(S) (F.) : A∗(S)Q → A∗(A)QSpec(A)
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τSpec(A)/Spec(Spe )
([M])= τSpec(A)/Spec(Spe )
(∑
i
(−1)i[Hi(F.)]
)
= chSpec(S)Spec(A)(F.)∩ τSpec(S)/Spec(Spe )
([S])
= chSpec(S)Spec(A)(F.)∩
[
Spec(S)
]
= τSpec(A)/Spec(S)
([M]),
where the second equality follows from the local Riemann–Roch formula [2, Exam-
ple 18.3.12], the third from (2.5) and the fourth from (2.6). Thus, (2.4) has been proved.
We denote the composite maps of the vertical arrows of the diagram (2.3) by
Fe∗ : G0(A)Q → G0(A)Q and Fe∗ : A∗(A)Q → A∗(A)Q, respectively. Then, by the defin-
ition of F∗ (cf. [2, Chapter 1]), it is easy to see that the restriction Fe∗ |Ai (A)Q is just the
multiplication by pie for i = 0,1, . . . , d and any e > 0. By (2.3) and (2.4), we have the
following commutative diagram:
G0(A)Q
τSpec(A)/Spec(S)
F e∗
A∗(A)Q
Fe∗
G0(A)Q
τSpec(A)/Spec(S)
A∗(A)Q
(2.7)
Thus, for an A-module M , we obtain
τiF
e∗
([M])= pieτi([M]) (2.8)
in Ai (A)Q for each i and e. Since Fe∗ ([A]) = [eA], (iii) has been proved. 
Before proving Theorem 1.3, we prove the following lemma.
Lemma 2.9. Let (A,m) be a d-dimensional normal local ring that is a homomorphic
image of a regular local ring. Then, for a finitely generated A-module M , we have
τd−1
([M])= − cl(M)+ rankA M
2
cl(ωA)
in Cl(A)Q.
Proof. Set r = rankA M . Then we have an exact sequence
0 → Ar → M → T → 0,
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cl(M) = r · cl(A)+ cl(T ) = cl(T ).
On the other hand, by (ii) in Lemma 2.2, we obtain
τd−1
([M])= r · τd−1([A])+ τd−1([T ])= r2 cl(ωA)+ τd−1
([T ]).
Therefore, it is enough to show τd−1([T ]) = − cl(T ) for any torsion module T .
We may assume that T = A/q, where q 	= 0 is a prime ideal of A. Then, by (i) in
Lemma 2.2, we have
τd−1
([A/q])= − cl(A/q)
as required. 
Now we start to prove Theorem 1.3.
By (iii) and (ii) in Lemma 2.2, we obtain
τd−1
([eA])= p(d−1)eτd−1([A])= p
(d−1)e
2
cl(ωA).
By Lemma 2.9, we have
τd−1
([eA])= − cl(eA)+ rankA eA
2
cl(ωA)
in Cl(A)Q. Since rankA eA = pde, we obtain
cl(eA) = p
de − p(d−1)e
2
cl(ωA)
in Cl(A)Q. 
Remark 2.10. By Lemma 2.9 and Theorem 1.3, we have
τd−1
([M])= − cl(M)+ rankA M
2
cl(ωA) = − cl(M)+ rankA M
pd − pd−1 cl
(1A).
Therefore, by Theorem 1.1, we have
β(I,M) = −τI
(
τd−1
([M])) and β(I,A) = −1
2
τI
(
cl(ωA)
)
for any torsion-free A-module M .
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an algebraic variety that satisfies the assumptions in Theorem 1.6. Removing singularities
of X, we may assume that X is a smooth algebraic variety over a perfect field k of char-
acteristic p > 0.6 Applying much the same method as in the proof of the commutativity of
the diagram (2.7), one can prove that the diagram
G0(X)Q
τX/Spec(k)
F e∗
A∗(X)Q
Fe∗
G0(X)Q
τX/Spec(k)
A∗(X)Q
is also commutative.
Set
τX/Spec(k)
([OX])= td + td−1 + · · · + t0,
where ti ∈ Ai (X)Q for i = 0,1, . . . , d . By the commutative diagram above, we have
τX/Spec(k)
([
Fe∗OX
])= pdetd + p(d−1)etd−1 + · · · + p0t0. (2.11)
On the other hand, by [2, Theorem 18.3(2)], we have
τX/Spec(k)
([
Fe∗OX
])= ch(Fe∗OX)∩ τX/Spec(k)([OX])
=
(
pde + c1 + 12
(
c21 − 2c2
)+ · · ·
)
∩ (td + td−1 + td−2 + · · ·), (2.12)
where ci stands for ci(F e∗OX) for i = 1,2, . . . (cf. [2, Example 3.2.3]). Here, remark that
Fe∗OX is a locally free sheaf on X since X is a non-singular variety. Comparing (2.11) with
(2.12), we have the following equalities:
pdetd = pdetd ,
p(d−1)etd−1 = c1td + pdetd−1, (2.13)
p(d−2)etd−2 = 12
(
c21 − 2c2
)
td + c1td−1 + pdetd−2, (2.14)
...
6 Set U = X \ Sing(X). Since codimX Sing(X) 2, the restriction Ad−1(X) → Ad−1(U) is an isomorphism.
On the other hand, we have (F e∗OX)|U = (F |U )e∗OU and KX|U = KU . Therefore, we have only to show
c1((F |U )e∗OU ) = p
de−p(d−1)e
2 KU .
In the case of Theorem 1.3, the proof does not become easier even if we remove singularities of Spec(A). The
reason is that Spec(A) \ Sing(A) is not smooth over the base regular scheme Spec(S).
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Chow ring of X. By the definition of ti [2, Example 3.2.4 and Chapter 18], we have
td−1 = td1
(
Ω∨X
)= 1
2
c1
(
Ω∨X
)= −1
2
c1(ΩX) = −12c1(ωX) = −
1
2
KX, (2.15)
td−2 = td2
(
Ω∨X
)= 1
12
(
c1
(
Ω∨X
)2 + c2(Ω∨X))= 112
(
K2X + c2
(
Ω∨X
))
. (2.16)
Substituting (2.15) and (2.16) for (2.13) and (2.14), we have
c1
(
Fe∗OX
)= pde − p(d−1)e
2
KX,
c2
(
Fe∗OX
)= 3p2de − 6p(2d−1)e + 3p2(d−1)e − 4pde + 6p(d−1)e − 2p(d−2)e
24
K2X
+ p
de − p(d−2)e
12
c2
(
Ω∨X
)
,
...
We have completed the proof of Theorem 1.6.
3. Some examples
Example 3.1. (1) This example is due to Han and Monsky [3]. Set
A = F5x1, . . . , x4/
(
x41 + · · · + x44
)
and m= (x1, . . . , x4)A. Then, we have
A
(
A/m[5e]
)= 168
61
53e − 107
61
3e.
Therefore, in this case, eHK(m,A) = 16861 and β(m,A) = 0. We thus know that there is no
hope to extend Theorem 1.1 under the same assumptions to get a third term in the Hilbert–
Kunz function of the form γ · p(d−2)e +O(p(d−3)e) in place of O(p(d−2)e).
(2) Set
A = kxij | i = 1, . . . ,m; j = 1, . . . , n/I2(xij ), (3.2)
where k is a perfect field of characteristic p > 0, and I2(xij ) is the ideal generated by all
the 2 by 2 minors of the generic m by n matrix (xij ).
Suppose m = 2 and n = 3. Then, K.-i. Watanabe [10] proved
A
(
A/m[pe]
)= (13p4e − 2p3e − p2e − 2pe)/8.
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Riemann–Roch theorem in Fulton [2, Chapters 18 and 20], we have an isomorphism
τSpec(A)/Spec(S) : G0(A)Q → A∗(A)Q
of Q-vector spaces. For a finitely generated A-module M , put
τSpec(A)/Spec(S)
([M])= τd([M])+ τd−1([M])+ · · · + τ0([M]),
where τi([M]) ∈ Ai (A)Q for i = 0,1, . . . , d . Let F. be a bounded finite A-free complex
such that each homology module has finite length. Then, by the local Riemann–Roch for-
mula [2, Example 18.3.12], we have
∑
j
(−1)j A
(
Hj(F.⊗A M)
)=∑
i
ch(F.)∩ τi
([M]).
Furthermore, assume that A is a Cohen–Macaulay ring of characteristic p, where p is a
prime number, and the residue class field of A is perfect. Let I be a maximal primary ideal
of finite projective dimension. Let FI . be a finite A-free resolution of A/I . Then, if the
depth of M is equal to d , we have
A
(
M/I [pe]M
)= A(Fe∗ (M)/IF e∗ (M))
=
∑
j
(−1)j A
(
Hj
(
Fe∗ (M)⊗ FI .
))
=
∑
i
ch(FI .)∩ τiF e∗
([M])
=
∑
i
ch(FI .)∩ pieτi
([M])
=
∑
i
(
ch(FI .)∩ τi
([M]))pie
by the equality (2.8). Therefore, in this case, we have eHK(I,M) = ch(FI .)∩ τd([M]) and
β(I,M) = ch(FI .)∩ τd−1([M]).
One can prove that there exists a maximal primary ideal I of finite projective dimension
such that ch(FI .) ∩ τi([M]) 	= 0 if and only if τi([M]) is not numerically equivalent to 0
(cf. [8, Theorem 6.4]). We refer the reader to [8] for the theory of numerical equivalence.
Suppose that A is the ring in (3.2) as above. In this case, τd−1([A]) is not numerically
equivalent to 0 if and only if m 	= n (cf. [7, Section 3] and [8, Example 7.9]). Therefore, if
m 	= n, then there exists a maximal primary ideal I of finite projective dimension such that
β(I,A) 	= 0.
On the other hand, if m = n, then A is a Gorenstein ring. By Corollary 1.4, β(I,A) = 0
for any maximal primary ideal I of A.
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A = kx1, x2, x3, y1, y2, y3/I2
(
x1 x2 x3
y1 y2 y3
)
,
p = (x1, x2, x3)A and q = (x1, y1)A. Here, assume that k is a perfect field of characteris-
tic 2. Then, applying Hirano’s formula7 [4, Theorem 2], one can prove that
1A  A⊕10 ⊕ p⊕ q⊕5.
Here, remark that rankA 1A = pdimA = 24 = 16.
Then, we have
cl
(1A)= 10 · cl(A)+ cl(p)+ 5 · cl(q) = 4 · cl(q)
since cl(A) = 0 and cl(p)+ cl(q) = 0.
On the other hand, it is well known that ωA  q. By Theorem 1.3, we have
cl
(1A)= 24 − 23
2
cl(ωA) = 4 · cl(q).
(2) Let k be a perfect field of characteristic p, where p is a prime integer. Put
X = P1k . Let F :X → X be the absolute Frobenius map. Then, we have F∗OX  OX ⊕
OX(−1)⊕(p−1), and
c1(F∗OX) = c1
( p∧
F∗OX
)
= c1
(OX(1 − p))= 1 − p.
Here, remark that the natural map
deg : Cl(X) → Z
is an isomorphism in this case.
On the other hand, it is well known that ωX OX(−2). Therefore, we have KX = −2.
By Theorem 1.6, we have
c1(F∗OX) = p − 12 KX = 1 − p.
7 Hirano proved the following: Let X be a d-dimensional toric variety over a perfect field of characteristic p > 0
defined by a fan in N = Zd . Let F :X → X be the absolute Frobenius map. Then, for any positive integer e, we
have
Fe∗OX =
⊕
0s1,...,sdpe
OX
(
1
pe
divX
(
u
s1
1 · · ·u
sd
d
))
u
s1/pe
1 · · ·u
sd/p
e
d
,
where {u1, . . . , ud } is the dual basis of N = Zd .
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